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ABSTRACT

Direct numerical simulations of turbulent heat transfer in a channel flow are performed to investigate the
effects of Reynolds and Prandtl numbers on higher-order turbulence statistics such as a turbulent Prandtl
number and the budget for the dissipation rate of the temperature variance. The Reynolds numbers based
on the friction velocity and the channel half width are 180 and 395, and the molecular Prandtl numbers
Pr’s 0.71-10.0. Careful attention is paid to ensure accuracy of the higher-order statistics through the use
of a high spatial resolution comparable to Batchelor length scale. The wall-asymptotic value of the tur-
bulent Prandtl number is mostly independent of Reynolds number for the current range of Pr's. The bud-
get for the dissipation rate of the temperature variance has been computed, and the negligible effect of a
Reynolds number on the sum of all source and sink terms in near-wall region in the current computa-
tional range is found. This result is quite similar to the one in the budget for the dissipation rate of tur-
bulent energy. In addition, a priori test for existing models is also performed to assess the Pr dependence

on the individual terms and their summations in the budget.

© 2009 Published by Elsevier Inc.

1. Introduction

Passive scalar transport in turbulent wall flows is of great
importance in many engineering applications involving heat and
mass transfer, turbulent mixing and combustion. In practical calcu-
lations, various turbulence models are widely used in software for
computational fluid dynamics and heat transfer.

Direct numerical simulations (DNS) has become a valuable tool
for the analysis of turbulent heat transfer and has been offering a
theoretical basis on turbulence statistics for different Reynolds
and Prandtl numbers. Kim and Moin (1989) performed monumen-
tal DNS of the turbulent channel flow with a passive scalar for Rey-
nolds number Re; = 180 at Prandtl number of Pr = 0.10, 0.71 and
2.0 using uniform volumetric heating condition, where Re; is based
on the friction velocity u; and the channel half width §. Several
researchers have since devoted growing computational power to
higher Reynolds and Prandtl numbers (e.g., Lyons et al., 1991;
Kasagi et al., 1992). The current group of authors (e.g., Kawamura
et al., 1999; Abe and Kawamura, 2002; Abe et al., 2004) executed
DNS for higher Re; up to 1020 with Pr = 0.025 and 0.71. Na and
Hanratty (2000) and Tiselj et al. (2001) simulated turbulent chan-
nel flow for moderate Pr's (=~ 10.0) with low Re; of Re; = 150 and
180. In these previous studies, the majority of the effort was
expended on Re; and Pr dependencies of lower-order turbulence
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statistics and characteristic turbulent structures. Higher-order sta-
tistics, such as the budget for the dissipation rate of temperature
variance, were also obtained, but adequate attention has not been
paid to numerical accuracy. The spatial resolutions were often set
so as to be much coarser in comparison with Batchelor length scale
1,» which is estimated as #, = - Pr_'/%, where 7 is Kolmogorov
length scale. As n, becomes finer with increasing Pr, a fine spatial
resolution must be employed to obtain reliable higher-order turbu-
lence statistics on performing DNS for high Pr.

In the current paper, a series of DNS has been carried out for
moderate Reynolds and Prandtl numbers using a high spatial reso-
lution. The calculated range is Re; = 180-395 at Pr=0.71-10.0, as
given in Table 1. Various turbulence statistics, including higher-or-
der ones associated with fully developed scalar fields, are pre-
sented and discussed with emphasis on the effects of Re; and Pr.
The range of newly obtained data in this work is summarized in Ta-
ble 2. Budgets for the dissipation rate of the temperature variance
and of the turbulent heat flux are first obtained for various Pr’s in
the current study. The accuracy of these higher-order statistics is
examined below through the use of pre-multiplied energy spectra.

2. Numerical procedures

The configuration used is a fully developed turbulent channel
flow as shown in Fig. 1. The flow is driven by a uniform pressure
gradient. The temperature field is imposed by uniform heating over
both walls with a constant time-averaged heat flux. Note that in
the current thermal boundary condition, the statistically averaged
heat flux is constant, but the instantaneous one is time dependent.
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Table 1
Computational condition.
Case 1 Case 2 Case 3
Re; (= iz - 3/v) 180 180 395
Re, (=up-20/v) 5700 5700 14000
Pr 0.71, 1, 2,10 7,10 0.71,1, 2, 5,7, 10

Computational volume
Grid number

6.40 x 20 x 3.20
1024 x 480 x 512

Spatial Resolution (Ax™) 1.13
Spatial Resolution (Ay™) 0.0504-0.972
Spatial resolution (Az*) 1.13

6.4 x 20 x 3.26
2048 x 480 x 512

6.40 x 20 x 3.26
2048 x 480 x 512

0.563 1.23
0.0504-0.972 0.111-2.13
1.13 247

Table 2

Obtained data in the current study. Reynolds numbers are Re; = 180 and 395 in this
study. k, and ¢, are the temperature variance and its dissipation rate. &;y and &
denotes the dissipation rates of the streamwise and wall normal turbulent heat flux,
respectively (see Sections 3 and 4).

Pr 0.71 1.0 2.0 5.0 7.0 10.0
Budget for k Existing

Budget for &, Existing New? New"
Budget for ¢, New? New"
Budget for &y New? New"

@ Firstly obtained with a high accuracy.
b Firstly obtained with a tolerable accuracy.

Fig. 1. Configuration of the computational domain.

The periodic boundary conditions are imposed in the streamwise
(x) and spanwise (z) directions. The walls are non-slip. A uniform
grid mesh is used in the horizontal direction, and a non-uniform
one in the wall-normal (y) direction. All fluid properties are treated
as constant.

The governing equations are incompressible continuity, Navier-
Stokes, and energy equations:

+
Mo, 1)
OX;

ouf | Lous _opt 1 dur op
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Here, 6;; is Kronecker delta, and i = 1,2, 3 indicate x, y and z direc-
tions, respectively. The variables u, t and p denote velocity, time,
and pressure. Transformed temperature 6(= T, — T) is introduced
to be satisfied with the constant heat-flux boundary condition,
where T, is the temperature at the wall. The angular bracket repre-
sents integration over the channel cross-section. The overbar de-
notes averaging with respect to time and space. The quantities
shown in superscript (+) indicate those normalized by u, and

T.(= Q,/pcpu;) and in superscript (x), those normalized by 5, where
Qu. p, cp are given averaged surface heat flux, density, and specific
heat at constant pressure, respectively.

The fractional step method is adopted for the coupling between
continuity and Navier-Stokes equations. The second-order Crank-
Nicolson scheme and the Adams-Bashforth scheme are employed
as the time-advance algorithms: the former for the vertical viscous
term, the latter for the other viscous and convection terms. For spa-
tial discretization, the finite difference method is used: the fourth-
order central scheme is employed for the x and z directions and the
second-order one for the y direction. Further details of the numer-
ical procedures can be found in Kawamura et al. (1998, 2000).

Computational conditions, such as the box size, the grid num-
ber, and the spatial resolution, are given in Table 1. The spaces in
the x and z directions are Ax* =0.56—1.2 and Az" =1.1-2.5,
which correspond to Ax/5, < 1 and Az/n, < 2 at the channel cen-
ter, respectively. The spaces in the y direction will be discussed
later by comparison with 7 and #, for the current Re;’s and Pr'’s
over the channel cross-section.

3. Transport equation for dissipation rate of temperature
variance

The transport equation for the dissipation rate
&0 (= k(80 /ox,)?) of the temperature variance k, (= /0'/2) is given
as:
Dt*

Production by mean temperature gradient:

1 2 3 4
= P;;) + Pi‘,) + P£0> + P{(iu) + Tgn + VSU - ’Vs“' (4)

p — _E% %@ (5)
o Proox; ox; ox;

Production by mean velocity gradient:

2 00" 00" duit
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Gradient production:
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Turbulent production:
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Turbulent diffusion:
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Viscous diffusion:
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where k denotes the thermal diffusivity. The transport equation is
normalized by the wall units. The effects of Re; and Pr on the indi-
vidual terms and their sums in &,-budget are discussed in Section
5.5. Assessments of existing models in the &, equation are also re-
ported in that section.

4. Transport equations for turbulent heat flux and its
dissipation rate

The following are the transport equations for turbulent heat
flux W and its dissipation rate &y. The budgets can be derived
from the Navier-Stokes and the energy equations. The transport
equation for u}0’ is as shown below:

Duto'+
lSt* = Pig 4+ Tip + Vig + ¥y — &io- (12)
Production:
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Turbulent diffusion:
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Viscous diffusion:
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Temperature pressure gradient correlation:
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Dissipation:
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The transport equation for &g is;
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Production by mean temperature gradient:
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Turbulent production:
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Turbulent diffusion:
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Viscous diffusion:
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Temperature gradient correlation:
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Both equations are normalized by the wall units. The Reynolds
and Prandtl number dependencies of the individual terms in u}¢’
and ¢;, budgets are investigated in Section 5.6.

5. Results and discussion
5.1. Validation of mesh resolution

The Kolmogorov (= (v3/¢)"/*) and the Batchelor length scales
(= (x?v/el/4) are plotted in Fig. 2, where v is the kinematic viscos-
ity and &(= v(aug/axk)z) the average of the dissipation of the turbu-
lent energy k. These length scales are approximately constant in
the near-wall region and increase in the outer region. Near the
wall, ™ and u; are about 1.5 and 0.50 for Re; = 180 at Pr = 10.0
as seen in Fig. 2a, where the minimum grid spacing of Ay* equals
0.050. This indicates that the spatial resolution in the y direction is
significantly finer than #* and #; in the near-wall region. At the
channel center, the magnitude of Ay*(~ 1.0) is comparable to #;,
and therefore adequate for resolving the smallest length scale for
Re, = 180 at Pr = 0.71—10.0 over the channel section. In the case
of Re; = 395 also, Ay™ is much smaller than the #; for all calculated
Pr's in the near-wall region as seen in Fig. 2b. Away from the wall,
Ay* is comparable to #; if for Pr = 0.71—-2.0, while larger if for
Pr =5.0—10.0. This point is investigated to evaluate the validation
of the mesh resolution for more details in relation with the pre-
multiplied energy spectra.

The pre-multiplied one-dimensional streamwise energy spectra
at the channel center are plotted in Fig. 3 for ki boo, ki ¢gp and k;‘m,
normalized by #,, where k, is the wavenumber in the x direction.
For homogeneous turbulence, ¢, corresponds to kﬁqﬁw; and y,,
the dissipation of ¢, (see Eq. (11)), to kf¢>00 (Kida and Yanase,
1999). It is known that the temperature energy spectra in the vis-
cous-diffusive subrange can be normalized by 7,. Indeed, Fig. 3a
indicates that the pre-multiplied energy spectra collapse with each
other for Re; = 180 with Pr = 0.71—10.0. In the case of Re; = 395,
the distributions of kf ¢y also show good collapse for all simulated
Pr's as seen in Fig. 3b. However, a slight deviation can be seen in
kf ¢gp of Pr = 7.0 and 10.0 and in kf ¢go Of Pr = 5.0 and 7.0. The devi-
ations is more noticeable in kfg/)% for Pr = 10.0. These are caused
by insufficient wall-normal grid spaces as discussed in the previous
section. This analysis indicates that Ax/n, < 0.9 is required for an
accurate resolution of ¢y, while Ax/n, < 0.5 for that of y, . Accord-
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: (a) Re; = 180 and (b) Re; = 395.

Fig. 2. Profiles of ; and n*

ingly, we will discuss ¢, itself up to Pr = 10.0, while its budget up
to Pr=7.0.

The peak of the dissipation spectra for kﬁd)(,(, (i.e., &) occurs at
k«n, ~ 0.2 for both Re;’s, which is in excellent agreement with
Tennekes and Lumley’s analysis (1972). On the other hand, the
peak for k¢, (ie., Ve,) takes place at k1, ~ 0.6. This indicates that
the dominant length scales of ¢ and y,, are both larger than 5,. In
addition, these length scales do not depend much on Pr in the cur-
rent range, although that of y, slightly decreases with increasing
Pr (see Fig. 3a).

5.2. Mean temperature

The mean temperature is shown in Fig. 4. The current results
are compared with the empirical equation proposed by Kader
(1981) and existing heat transfer models: one is the zero-equation
model in which the turbulent Prandtl number is derived from Kays
and Crawford’s equation (2004) (ZEROKC, hereafter) and another is
the two-equation model by Abe et al. (1995) (TWOAKN, hereafter).
In the calculations of these models, all turbulence quantities, other
than 0, are obtained from current DNS data.

The prediction of Kader’s equation roughly agrees with the cur-
rent DNS for Re; = 395 as shown in Fig. 4b. Strictly speaking, how-
ever, the differences in the logarithmic region are slight but
increasing with increasing Pr. Note that with increasing Re;, the
temperature at the channel center decreases if Pr > 1.0, while it in-
creases if Pr < 1.0. This indicates that turbulence has a better
chance of mixing for a higher Prandtl number with an increasing
Reynolds number, and thus the thermal field becomes more homo-
geneous due to the enhanced convective effect.

Comparisons of all model predictions show good agreement
with the current DNS for all tested Re;’s and Pr’s in the near-wall
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Fig. 3. Pre-multiplied one-dimensional streamwise energy spectra normalized by
1.ty = (v/&)"* and & at the channel center: (a) Re; = 180 and (b) Re, = 395.

region. Away from the wall, however, the deviations can be ob-
served more clearly with increasing Pr for Re; = 180 and 395. For
a higher Pr, ZEROKC overestimates the mean temperature in the
outer region, especially more remarkably for lower Re;. On the
other hand, TWOAKN predicts better for Pr < 7.0, but there still ex-
ists an appreciable difference for Pr = 10.0. Therefore, further
improvement of the modeling for scalar transport is required in
consideration of the Pr effect.

5.3. Turbulent Prandtl number

The turbulent Prandtl number Pr; is shown in Fig. 5. The turbu-
lent Prandtl number Pr; is defined as the ratio of the momentum
eddy diffusivity v; to the thermal eddy diffusivity r;;

Ve wv do/dy

S Ke g du/dy’

(27)

The results obtained by Na and Hanratty (2000) and Kawamura
et al. (2004) are also plotted for comparison. Data for
Pr=0.025—0.6 in Fig. 5b are obtained from DNS databases at
our Web site (http://murasun.me.noda.tus.ac.jp/turbulence/).

Shaw and Hanratty (1977) developed an expression for the con-
ductive sublayer 6, connected to the viscous sublayer 6, and Pr; i.e.,
8y~ &, - Pr™'? They indicated that turbulence statistics can be
scaled well for different Pr's by using the J,. Certainly, the wall-
asymptotic behavior of Pr: against y/d, can be aligned in the
near-wall region as seen in Fig. 5a in the current computational
range. The behavior of Pr; is almost independent for Pr < 2.0. With
increasing Pr, the Pr, increases toward the wall and then stays at a
constant value. The wall-asymptotic value stays at about 1.0 for
Pr = 0.20—2.0, while it increases for smaller and larger Pr’s, as gi-
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Fig. 4. Profiles of the mean temperature: (a) Re; = 180 and (b) Re, = 395.

ven in Fig. 5b. The current wall-asymptotic values of Pr; agree well
with those for Re; = 150 at Pr = 1.0 and 10.0 calculated by Na and
Hanratty (2000) and for Re; = 1020 at Pr = 0.71 (Kawamura et al.,
2004). As for the Reynolds-number dependence, its effect is small
near the wall for Pr=0.71-10.0, while it is significant for
Pr = 0.025. In the region within the J,, heat conduction is more
dominant than convection, and thus the effect of Re, is small. This
is why the Reynolds-number dependence is small in the wall-
asymptotic behavior of Pr,.

In the region where y* is outside the J, but still y* < 60, the Pr;
is almost independent of the calculated Re;’s and Pr’s as shown in
Fig. 5c. Further away from the wall, the Pr; stays at a constant value
of 0.8 for Re; =395, irrespective of Pr, while it decreases and
reaches about 0.65 for Re; = 180. In the case of Re; = 1020 at
Pr = 0.71 by Kawamura et al., the Pr; also stays in a wider region
from the wall. This indicates that the higher Re; is, the further
away from the wall the Pr; is almost constant. Note that the distri-
butions around the channel center are unstable. This is because
wv, v, du/dy, do/dy.in Eq.(27) are all zero at the channel cen-
ter and its limiting value is difficult to calculate. Therefore, these
wiggles can be neglected near the channel center.

5.4. Time scale ratio

The time scale ratio R is shown in Fig. 6. The ratio R is expressed
as the ratio of the thermal time scale 7, to the momentum one 7,;
T 0%¢

=L "2k (28)

(2)

S .
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Fig. 5. Profiles of the turbulent Prandtl number: (a) near-wall behavior; (b) wall-
asymptotic value and (c) behavior away from the wall.

|
0 100

The profiles of R/Pr are shown in Fig. 6a, where the abscissa is
the distance from the wall normalized by &,. The wall-asymptotic
value of R is analytically shown as the molecular Prandtl number
itself. The profiles of R/Pr given in Fig. 6a indicate that the near-
wall limiting value of R certainly corresponds to Pr, and it stays al-
most constant within the J, for all tested Re;’s and Pr’s. The profiles
of R are plotted against y/s in Fig. 6b. In the case of Pr = 0.71, R is
almost independent of Re; up to Re; = 1020 away from the wall.
With increasing Pr, the R increases to a constant value of about
1.0, and is also independent of Re; up to Re; = 395 at Pr = 10.0.

5.5. Budget for ¢,
The &,-budget evaluated from the data for Re; = 395 at Pr = 1.0

is shown in Fig. 7, where a comparison with existing DNS data for
&-budget by Rodi and Mansour (1993) is made. The individual
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Fig. 6. Profiles of the time scale ratio: (a) near-wall behavior and (b) behavior away
from the wall.

terms in the e-budget are written in the Appendix. The form of the
individual terms in Egs. (5)-(11) are quite similar to those in the
transport equation for &. This indicates that the behavior of the var-
ious terms in &,-budget are very similar to the corresponding terms
in ¢-budget. As expected, there are reasonable overall similarities
between the budgets for &, and ¢, although differences are notice-
able very close to the wall (y* < 5) between 7y, and y,. These sim-
ilarities suggests that a model equation for & may be constructed
in almost the same manner as the one for ¢ at Pr ~ 1.0.

To examine the difference between y, and 7,, the near-wall
expansions for y, and 7, are derived. The dissipation terms in
the transport equations for & and ¢ are given as:

2
2 820/+
Ve, = P <8X$8X$> ) (29)

2
our

In the wall vicinity, the fluctuations of the velocity and the tem-
perature can be expanded in terms of y* as follows:

Ut =byt +oy?+diyt 4 (31
vVt =y oyt 4 (32)
W =bsy" +cy™? +day 4 (33)

T =bey" +dpy + - (34)

Refer to Antonia and Kim (1991) for the absence of b, and c,.
With the use of Egs. (31)-(34), y,, and 7y, are expressed as:
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4 2 2 2 2 2 2 2
A= {28 42+ 28 + (b1a) + (b13)” + (B3a)” + (bs3)’},
€7
(38)
48 (— —
B, = EI{Cldl + Cdy + C3d3}
16
+ Fer{bl’] €11+ bi3ci3 +Dbyicsq + b3,3C3,3}, (39)
C, = 2 {(b011)2 + (b033)2 + 2(b013)2}
prr U ’ ‘
2 — S -
toz {36d(, +12bg1dos + 12b0_3d0_3}, (40)
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Fig. 7. The individual terms in the transport equations for ¢, and ¢ with Re; = 395
at Pr = 1.0: (a) relatively large terms and (b) small terms.

C. = ie {(bl,ll)z + (b1‘33)2 + (173.11)2 + (b3.33)2}

{(Cl,l)2 +(c13) + (C21)" + (€23)° + (c31)* + (C3,3)2}

3d2 -+ 3d2 -+ 3d + 4C161 + 4C2€2 + 4C3€3}

+

e:
{bl 1d11 + by 3diz + bsds; +b33d33}
{(b1.13)

+ (b3,13)2}7
(41)

where o; = dot/0x; and o5 = 820c/8x 0x;. It should be noted that B;,
in the expansion of y, becomes zero. This is confirmed in the cur-
rent DNS as seen in Fig. 7a. The coefficients of y+* in Egs. (35) and
(36); i.e., C;, and C, are composed mostly with positive terms. Thus
one can expect that C;, and C, are positive, although it cannot be
proven exactly. Indeed, the positivity of C;, causes the remarkable
increase in the absolute value of y, near the wall as seen in
Fig. 7a. On the other hand, the absolute value of ), decreases in
the wall vicinity (see Fig. 7a). This results from the negativity of
B. This causes the notable difference between 7, and y, observed
in their near-wall limiting behaviors.

The budget for &, with Re; = 180 and 395 at Pr = 7.0 is shown in
Fig. 8. Abe et al. (2008) pointed out that the Reynolds-number
dependence of the budget for &, exhibits the same trends as the
one for ¢ in the range of Ref = 180 640 at Pr = 0.71. They also
indicated that the terms of PF” , F” and P¥ depend on Re; espe-
cially close to the wall, while P is mdependent of Re, at
Pr = 0.71. Even for higher Pr, the Re dependence of these produc-
tion terms holds the trends; i.e., there are negligible Re effects on



520 M. Kozuka et al./International Journal of Heat and Fluid Flow 30 (2009) 514-524

0.1 —_—
) grey line, Re.= 180
A - s black line, Re.=395 ]

Gain
/

g [ Resitwal =T 0 . ph ]
3 I 7 £ £ 1
SUN S R
015 7 Pes I
AV Pr=10 '
Y J
. 1 . 1 . 1 . 1 .
0 10 20 30 40 50
y
(b)
0.03 T T T T T T T T T
grey line, Re,= 180
K= M. black line, Re.=395 7
% (3)
—~ TR
Tz,
— =V, |
-0.03 . ] A ] A ] A ] A
0 10 20 30 40 50
y

Fig. 8. The individual terms in the transport equation for &, with Re. = 180 and 395
at Pr = 7.0: (a) relatively large terms and (b) small terms.

the term of Pg) and the other production terms change appreciably
with increasing Re; for Pr = 7.0, which is consistent with the Re ef-
fect on the y,,.

Distributions of the sum of the several terms in the budget for &,
are shown in Fig. 9. Rodi and Mansour (1993) examined the budget
for ¢ and indicated that the individual and divided sums of the
terms are greatly influenced by Re; in the near-wall region, while
the sum of all source and sink terms is less in the &-budget. In
the case of &-budget also, P\ +P? + P> + P —y s almost
independent of Re; for Pr =0.71 and 7.0 as given in Fig. 9a and
b. This may be useful for the development of the turbulence mod-
eling of gy-equation. Rodi’s further investigations of divided sums
of PV +P? and P —y, in the e-budget indicate there is no
noticeable Re dependence on either group of the terms away from
the wall, whereas both groups increase with increasing Re; close to
the wall. Likewise in the &)-budget, the corresponding terms show
a similar tendency; i.e, P!’ + P’ and P —y, are almost indepen-
dent of Re; away from the wall, while they go up somewhat for
higher Re; in the near-wall region at Pr = 0.71 and 7.0 (see Fig. 9b).

Critical assessments of the modeling of the transport equation
of &y(&) are made with a focus on the effect of Pr. Four models
(Nagano et al., 1991 (NTT), Abe et al., 1995 (AKN), Wakao and
Kawamura, 1996 (WK) and Hattori and Nagano, 1998 (HN)) are
tested against current DNS data for Re; =395 at Pr=0.71 and
7.0. For a proper comparison, all turbulence quantities, except for
&y, are directly given from the current DNS data. The modeled
equation for ¢, and the employed model constants and functions
can be found in the above-cited papers.

The model predictions of ¢, for Re; = 395 at Pr = 0.71 and 7.0
are shown in Fig. 10. Away from the wall, the agreement is good
in the four tested models for Pr=0.71. Close to the wall
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Fig. 9. Profiles of the sums of the terms in ¢,-budget: (a) Pr = 0.71 and (b) Pr = 7.0.

(y* < 20), there are discernible differences between the DNS and
the model predictions. WK and HN vyield the better predictions
among the tested models. With increasing Pr, all tested models
deviate remarkably from the DNS data in the near-wall region
(see Fig. 10b). The near-wall expansion for ¢, indicates
d¢y/0y = 0 at the wall. WK, NTT and HN models fulfill this property
at Pr = 0.71, while they fail at Pr = 7.0. The AKN model yields the
best prediction among the three tested models at Pr = 7.0.

The model predictions of the sum of all source and sink terms
P +P? + PP +P¥ —y, are shown in Fig. 11. NTT, WK and
AKN do not reproduce the correct near-wall behavior for the tested
Re;’s and Pr’s. HN has advantages in the modeling of the sum for
Re; =395 at Pr = 0.71 as seen in Fig. 11a, whereas it has difficulty
in predicting higher Pr (see Fig. 11b).

The production term of Pg) given by the models is shown in
Fig. 12. The relatively small production term P’ is of the same or-
der of magnitude as T, and P!’ + P + P + P —y, . Therefore,
the modeling of the individual term is a key to developing the
modeling for the rigorous &-equation. In the case of Pr=0.71,
WK and HN model predictions are in good agreement with DNS.
However, with increasing Pr, these models overestimate and their
deviations become more significant.

To summarize the model assessment, the HN model gives more
reasonable results than the others for the modeling of ¢, in near-
wall region with Pr ~ 1. However, with increasing Pr, none of the
existing models can predict the correct near-wall behavior of the
individual and the sums of the terms in ¢,-budget.

5.6. Budgets for u¢' and &

The budgets for the streamwise and the wall-normal turbulent
heat flux given by Eqs. (13)-(17) are shown in Figs. 13 and 14,
respectively. It is well known that the dissipation ¢; is negligible
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Fig. 15. Budget for &;, with Re; = 395 at Pr = 0.71.

in the case of fluids with Pr > 1.0 because of the isotropy in the
dissipation scale. In the case of the budget for u+0'", ¢, is large
over the channel section for Pr = 0.71 as seen in Fig. 13a. This is be-
cause, in the current thermal boundary condition, the correlation
between u’ and ¢ is very high. The dissipation &4 is balanced with
the sum of the production Py and the temperature pressure gradi-
ent correlation 7, terms away from the wall, and with the viscous
term Vy, at the wall. With increasing Pr, &1y and V, becomes more
effective in the viscous sublayer as seen in Fig. 13b.

In the case of the budget for 2+0'* (see Fig. 14a), the dissipation
rate &y is certainly small away from the wall. In the near-wall
vicinity, on the other hand, it is comparable to the dominative pro-
duction and temperature pressure gradient correlation terms for
Pr = 0.71. For higher Pr, the &, contributes more significantly in

the range up to y* =40 as seen in Fig. 14b. This suggests that in
the modeling of the dissipation rate of the turbulent heat flux
the &, should not be ignored for Pr > 1 in the near-wall region.

The terms in the budgets for the dissipation rate of the stream-
wise and the wall-normal turbulent heat flux are shown in Figs. 15
and 16, respectively. For the ¢;,-budget in Fig. 15, the P4 and y,
are the major contributors to &y away from the wall, Where the Ve
is small, but always lies in the loss side. Down to the wall, P‘I‘f stlll
remains large, but relatlvely small compared to P(1 and P ) in the
near-wall region. The P ;and P; 2) are of the same order of magm—
tude as the P(4 in the reglon ofy+ < 20, while the P is relatively
small over the ‘channel section. Both diffusion terms Tg” and V,, are
appreciable only in the region of y* < 10. Overall, the ¢;,-budget is
similar to ¢y-budget for Pr = 0.71. This is due to the strong correla-
tion between v’ and ¢’ for Pr ~ 1.0.s.

For the &,,-budget in Fig. 16, the temperature gradient correla-
tion (Eq. (25)) can be split into two terms as:

1\o0+ o*p+ 1\ o (op+ 06"
—(1+= =—(1+5 )57
Prj ox} Ox30x; Prj ox; \ ox} ox!

op+ 9*0
1 42
- ( +Pr) o7 OO (42)
which are called the pressure diffusion 7,,, and the pressure gradi-
ent correlation ¢,2 terms, respectively. Note that m,,, appears in ez()
budget, but not in &y. As shown in Fig. 16, the ¢, balances with P

and y, ~away from the wall. The pressure diffusion term 7, be
comes even more dominant in the wall vicinity.

6. Conclusions

In the current study, by employing high spatial resolution com-
parable to the Batchelor length scale, we performed a series of DNS
of turbulent channel flow with a passive scalar field for moderate
Reynolds and Prandtl numbers. We investigated the effects of the
Reynolds and Prandtl numbers on turbulence statistics such as tur-
bulent Prandtl number, time scale ratio, and budget for the dissipa-
tion rate of the temperature variance. Ranges of Reynolds and
Prandtl numbers were Re; = 180 and 395, Pr = 0.71—10.0.

Based on the results, the performance of Kader’'s empirical
equation was discussed. It agreed sufficiently well with the current
data, but the deviation increased with the increase in the Prandtl
number. The behavior of the turbulent Prandtl number Pr, was also
examined. The near-wall-asymptotic value of Pr, stayed almost
constant between Pr = 0.20—2.0 and increased for both decreasing
and increasing Prandtl numbers. Time scale ratio R was equal to
the molecular Prandtl number in the near-wall region as predicted
theoretically. This region of R = Pr can be well scaled by the thick-
ness of the conductive sublayer, independent of Reynolds and Pra-
ndtl numbers.

Budgets for &, and ¢ were obtained with a high accuracy.

The wall-asymptotic behaviors of y, and y, were examined
using near-wall expansions. A notable difference was observed in
the near-wall limiting behaviors of y, and y,. This was caused by
the difference in the expansions’ coefficients of p, and y,; ie,
the positivity of C;, and the negativity of B.. Reynolds and Prandtl
number dependencies were investigated in the individual and
sums of the terms in &,-budget. The sum of all source and sink
terms was almost independent of Re; for Pr = 0.71 and 7.0. The
sums P +P? and P’ -y, increased in the region of y* < 20
with an increase in Re;. The Reynolds-number dependence on
the individual terms showed a similar tendency between
Pr=0.71 and 7.0; i.e., P m 2 and P showed a noticeable Re; ef-
fect close to the wall, whlle P(3 was almost independent of Re, for
Pr = 0.71—7.0. The budgets for &9 and &,y were also obtained. The
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Fig. 16. Budget for &y, with Re; = 395 at Pr =0.71.

&10-budget was similar to ¢y-budget with Pr=0.71 due to the
strong correlation between v’ and ¢'.

Assessments of the existing modeled equation for &, revealed
that most models deviated with the current DNS data more appre-
ciably with the increasing Pr. All the model predictions of &,
showed remarkable differences from the DNS in the near-wall re-
gion with increasing Pr up to 7.0. The model of Hattori and Nagano
(1998) yielded the best prediction of the sum of all the source and
sink terms at Pr = 0.71. However with an increase in Pr, the model
did not reproduce the correct near-wall behavior. The disagree-
ments were due to the lack of information about high Pr. For exam-
ple, the model constants in the assessed models were determined
on the basis of the assumptions of constant Pr.(= 0.9) and R(= 0.5).
However, recent DNS reveals that Pr, and R vary with y and show
the sharp increases in the near-wall region. Therefore, the correct
information should be incorporated in modeling of the turbulent
heat transfer with more attention for a wider range of Pr effect.
The current statistical DNS databases are available from the cur-
rent research groups’ Web site (http://murasun.me.noda.tus.ac.jp/
db/index.html).
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Appendix

The exact transport equation for ¢ derived from the Navier-
Stokes equation can be written as follows:

Deg
E:Pi” +PP + PP + PP + T, +V, + 7, — 7, (43)
Mixed production:
oy o oy
(1) _ i J !
PE B zvf)xk OX E)Xj ' (44)

Production by mean velocity gradient:

ou! ou’ ou;
PP = 2y 1 iz 45
€ van OXy, OXy, ( )

Gradient production:

—_— o
o) — gy 2 Tl
€ T Oy anan

(46)

Turbulent production:

ou, ou; ou,
P — gy O 47
& V&xk OX BX]' ( )

Turbulent diffusion:

B 0 _(?u/i out;
TS - van (ujj an an>. (48)

Viscous diffusion:
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Pressure diffusion:

B 2 0 (0p ouy
T g (o 1) (30)

Dissipation:

2 2
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Ve =2V (51)

In Section 5.5, the individual terms normalized by u, and v are
compared with the corresponding terms in &,-budget.
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